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Abstract
We study the quantum conformal gravity whose dynamics is gov-
erned by a single dimensionless gravitational coupling with negative
beta function. Since the Euler term is not dynamical classically, the
constant in front of it is not an independent coupling. Quantum me-
chanically, however, it induces the Riegert conformal-factor dynamics
with BRST conformal symmetry representing background free nature.
In this paper, we propose how to handle the Euler term systemat-
ically, incorporating such dynamics on the basis of renormalization
group analysis using dimensional regularization. As a nontrivial test of
renormalization, we explicitly calculate the three-loop anomalous di-
mension of the cosmological constant operator and show that it agrees
with the exact expression derived using the BRST conformal symme-
try. The physical significance to inflation and the cosmic microwave
background is also discussed.
1E-mail address: hamada@post.kek.jp; URL: http://research.kek.jp/people/hamada/
1 Introduction
Recent observations of cosmic microwave background (CMB) anisotropies
by various groups [1, 2, 3] suggest that the Universe began to expand at very
high energies beyond the Planck scale. There, spacetime would be totally
fluctuating according to the laws of quantum mechanics. Thus, quantum
gravity is now becoming an indispensable theory to describe the dynamics of
the early Universe.
On the other hand, at first glance, it seems to be contradictory that we
trace the origin of primordial fluctuations to quantum gravity, because the
observations show that scalar fluctuations are more significant than tensor
ones in the early Universe. This implies that if we wish to explain such
fluctuations using quantum gravity only without adding a phenomenological
scalar field, we have to construct a model whose physical states become
scalarlike in the UV limit.
In order to resolve this problem, we propose a model of quantum grav-
ity with a certain gauge symmetry imposing that all spacetimes related to
each other under conformal transformations are equivalent, called the Becchi-
Rouet-Stora-Tyutin (BRST) conformal invariance here, as a representation
of the background-metric independence. It has been known that the Riegert
action plays a significant role to realize it [4, 5, 6, 7, 8]. We then have shown
that the Riegert theory including the kinetic term of the Weyl action has
such a gauge symmetry as a part of diffeomorphism invariance, which is so
strong that physical fields are restricted to “real composite scalars” (called
primary scalars) only [9, 10, 11].2
The model we consider here is the renormalizable quantum theory of grav-
ity expanded just from this background-free system by a single dimensionless
coupling constant that brings the dynamics of traceless tensor fields.
2Due to the presence of this symmetry, the ghost modes in fourth-order gravitational
fields, which are necessary for the conformal algebra to close, are not gauge invariant. So
we will be able to begin an argument toward the resolution of the nonperturbative issue
of unitarity.
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The strategy we employ here to construct such a quantum gravity model
is as follows. To begin with, we have to reduce the indefiniteness potentially
existing in the fourth-order gravitational system. In order to settle this is-
sue, we have considered massless QED in curved space as a gate for quantum
gravity in view of the significance of conformal couplings. Since the QED-
gravity coupling is unambiguously fixed by gauge symmetry and tractable
much better than gravitational self-couplings, we can derive the definite con-
clusion on the gravitational counterterm at all orders [12]. Furthermore, we
can expect the similarity between the gauge field part and the traceless ten-
sor part ruled by the Weyl action. The quantum gravity model mentioned
above can be constructed on the basis of this counterterm.
The original form of this quantum gravity model has been proposed in
[13, 14]. The aim of this paper is to advance the study of this model based
on the renormalization group (RG) equations and make sure that it is a
consistent renormalizable quantum theory of gravity.
2 Renormalization Group Analysis
From the analysis of the RG equations using dimensional regularization
[15, 16, 17, 18, 12], it has been recently shown that the gravitational coun-
terterms for massless QED in curved space can be determined at all orders of
the perturbation [12], which are given by only two forms: the square of the
Weyl tensor Cµνλσ in D dimensions and the modified Euler density defined
by
GD = G4 + (D − 4)χ(D)H2, (1)
where G4 is the usual Euler combination and H = R/(D− 1) is the rescaled
scalar curvature. The coefficient χ is a finite function of D only, which can be
determined order by order in a series of D− 4 as χ = ∑∞n=1 χn(D− 4)n−1 by
solving the RG equations. The first three terms of χ are explicitly calculated
2
as [12]
χ1 =
1
2
, χ2 =
3
4
, χ3 =
1
3
. (2)
Furthermore, we have shown that the conformal anomaly related to the
counterterm (1) is expressed in the form ED = GD − 4χ∇2H . Here, it is
significant that the familiar ambiguous term ∇2R is fixed completely and
this combination reduces to E4 = G4−2∇2R/3 in the four-dimensional limit
due to χ1 = 1/2. It is just the combination proposed by Riegert, which
produces the kinetic term of the conformal factor [4].
As for conformal couplings, we expect that the coefficients of χ, especially
χ1, have universal values independent of the theory. Really, the values (2)
are not changed even when any number of fermions is added below, and also
partially confirmed for λϕ4-scalar theory [17] and Yang-Mills theory [18] in
curved space.
On the other hand, unfortunately, we have found that the original action
conjectured in the early work [13] as a renormalizable quantum theory of
gravity becomes slightly different from the expression (1) at higher orders (see
also footnote 4). Therefore, it is necessary to reconsider our quantum gravity
model based on the more proper action (1) determined in a theoretically
established manner using the RG equations and check again whether it indeed
gives a consistent quantum gravity.
The quantum gravity action we study here is thus defined by
Sg =
∫
dDx
√
g
{
1
t20
C2µνλσ + b0GD
}
beyond the Planck scale, where t0 is a dynamical coupling constant, while
b0 is not so, as discussed below. The lower-derivative actions such as the
Einstein action are suppressed here.
We consider the perturbation theory in t0 expanding about a conformally
flat space defined by Cµνλσ = 0, which is characterized by the expansion of
the metric field:
gµν = e
2φg¯µν , g¯µν = (gˆe
t0h0)µν = gˆµλ(δ
λ
ν + t0h
λ
0ν + · · ·), (3)
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where hλ0λ = 0 and gˆµν is the background metric. Thus, the quantum gravity
model can be described as a quantum field theory on the background gˆµν .
At this time, it is significant that the conformal factor e2φ is treated exactly
without introducing its own coupling constant, because the conformally flat
condition does not give any restrictions on it.
As in the previous study [12, 13], we consider the model coupled to
massless QED: S = Sg + SQED, where SQED =
∫
dDx
√
g{(1/4)F0µνF µν0 +∑nF
j=1 iψ¯0jD/ψ0j}. The renormalization factors are defined by A0µ = Z1/23 Aµ,
ψ0j = Z
1/2
2 ψj , and h0µν = Z
1/2
h hµν for photon, nF fermions and traceless ten-
sor fields, respectively, and e0 = µ
2−D/2Z
−1/2
3 e and t0 = µ
2−D/2Ztt for cou-
pling constants, where the Ward-Takahashi identity holds even when QED
couples with quantized gravity. On the other hand, φ is not renormalized
such that Zφ = 1 because there is no coupling constant for this field.
The nonrenomalization theorem of φ is related to the geometrical property
of GD (1) [19, 20]. Since its volume integral becomes topological at four
dimensions, it is not dynamical at the classical level. Therefore, b0 is not the
independent coupling that governs the dynamics of gravity. So we expand
the bare parameter b0 in a pure-pole series as [13]
b0 =
µD−4
(4π)D/2
Lb, Lb =
∞∑
n=1
bn
(D − 4)n .
Since the field dependence of the volume integral of GD appears at o(D−4),
this expansion indicates that the dynamics is induced at the quantum level
by canceling out the pole with the D dependence of the action. The residues
bn (n ≥ 2) depend on the coupling constants, while the simple-pole residue
has a coupling-independent part, which is divided as
b1 = b+ b
′
1,
where b′1 is coupling dependent and b is a constant part.
In order to carry out the RG analysis systematically, incorporating the
dynamics induced quantum mechanically, we propose the following proce-
dure. For the moment, b is regarded as a new coupling constant, instead of
4
the finite term usually introduced in b0. The effective action is then finite up
to the topological term as follows:
Γ =
µD−4
(4π)D/2
b− bc
D − 4
∫
dDx
√
gˆGˆ4 + ΓR(e, t, b),
where ΓR is the renormalized quantity that depends on the coupling con-
stants. The divergent term exists in a curved background only. The constant
bc = 11nF/360 + 40/9 comes from the sum of direct one-loop calculations
of QED [19] and gravitational fields [21, 6, 8].3 After the renormalization
procedure is carried out, we take b = bc. In this way, we can obtain the finite
effective action ΓR(e, t, bc) whose dynamics is governed by a single gravita-
tional coupling t.
The perturbative calculation can be performed by choosing the flat back-
ground as follows. Expanding the volume integral of GD (1), we obtain
∫
dDx
√
gGD =
∞∑
n=0
(D − 4)n
n!
∫
dDx
{
4χ(D)φn∂4φ
+(D − 4)ζ(D)φn∂2φ∂λφ∂λφ+ (D − 4)η(D)φn (∂λφ∂λφ)2
}
,
where ζ = 8χ − 2(D − 2)(D − 3) and η = (D − 2)2χ − (D − 2)(D − 3)2.
The couplings with traceless tensor fields are not presented here (see [13]).
As a convention in this paper, the same lower indices denote contraction by
the flat background metric. Substituting the explicit values of χ1 and χ2 in
(2) calculated using QED in curved space and neglecting o((D − 4)3), the
coefficients reduce to ζ = (8χ3 − 2)(D − 4)2 and η = (8χ3 − 1)(D − 4)2/2.
Therefore, the action is expanded as
b0
∫
dDx
√
gGD =
µD−4
(4π)D/2
∫
dDx
{
2bφ∂4φ+ (D − 4)bφ2∂4φ
+(D − 4)2b
[
1
3
φ3∂4φ+
1
2
(8χ3 − 1) (∂λφ∂λφ)2
]
+ · · ·
}
. (4)
3In general, bc = (NX +11NF +62NA)/360+769/180, where NX , NF , and NA are the
numbers of conformally coupled scalars, fermions, and gauge fields, and the last term is
the sum of −7/90 and 87/20 coming from the gravitational fields, φ and hµν , respectively.
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The first term of the rhs is just the Riegert action [4] in flat background
induced in terms of dimensional regularization, which gives the propagator
of φ. Thus, quantum corrections from this field are expanded in 1/b, which
corresponds to the large-nF expansion. The other terms are the induced ver-
tices that become effective at loop level. The vertices from ζ are disregarded
here because they are not the leading terms of each order of D − 4 yielding
the most singular diagrams. The terms denoted by dots include the vertices
and counterterms coming from the residues b′1 and bn (n ≥ 2). Similarly, the
Weyl and QED actions are expanded in powers of φ.
It has been checked in the original paper [13] that the renormalization
procedure mentioned above, especially the nonrenormalization theorem of φ,
goes well at higher loops up to o(e6), o(t2), and o(1/b) through direct calcu-
lations using the QED-gravity couplings and the gravitational self-couplings
fixed by χ1,2 in (4) including the corresponding couplings with the traceless
tensor field not denoted here. In [13], we have also discussed the RG equa-
tion for b, but it is somewhat incomplete. This paper aims to justify the
procedure through the RG analysis and test it directly, including the vertices
of higher orders coming from χ3. Therefore, we proceed with the argument
without specifying the value of χ3 here.
4
The beta functions for the coupling constants α = e2/4π and αt = t
2/4π
are defined by β = (µ/α)dα/dµ = D − 4 + β¯ and βt = (µ/αt)dαt/dµ =
D−4+β¯t, respectively. Using the renormalization factors, they are expressed
as β¯ = µd(logZ3)/dµ and β¯t = µd(logZ
−2
t )/dµ.
The pure-pole term Lb is divided as Lb = b/(D − 4) + L′b. From the RG
4Actually, the values of χ1,2 agree with those conjectured in [13], but χ3 unfortunately
disagrees. In [13], the GD action was determined by imposing the extra condition that
the vertex (∂λφ∂λφ)
2 in (4) should vanish from analogy with the solvable two-dimensional
quantum gravity action
√
gR expanded near two dimensions. Although we imposed this
condition with intent to rederive the exact expression of the anomalous dimension, we will
find in Sect.4 that regardless of this vertex we can derive it.
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equation µdb0/dµ = 0, we obtain the expression
µ
db
dµ
= (D − 4)β¯b,
where β¯b = −b − (D − 4)L′b − µdL′b/dµ. In order that we can set b to the
constant bc at the end, this equation should satisfy the condition µdb/dµ→ 0
in the D → 4 limit, and thus β¯b should be finite. Imposing this condition,
we obtain the RG equation(
α
∂
∂α
+ αt
∂
∂αt
+ β¯b
∂
∂b
+ 1
)
bn+1 +
(
β¯α
∂
∂α
+ β¯tαt
∂
∂αt
)
bn = 0
for n ≥ 1, where ∂b/∂α = ∂b/∂αt = 0 is taken into account for n = 1. This
equation reduces to that in curved space [16, 12] when the dependence on
αt and b turns off. Thus, the present renormalization procedure is consistent
with the results in curved space. The finite expression is then given by
β¯b = −
(
∂b1
∂b
)
−1 (
b1 + α
∂b1
∂α
+ αt
∂b1
∂αt
)
.
The α-dependent terms of b1 and b2 have been calculated up to o(α
3) and
o(α4), respectively [16, 12]. We only present b1 = b − (n2F/6)(α/4π)2 and
b2 = (2n
3
F/9)(α/4π)
3 here, and then obtain
β¯b = −b+ n
2
F
2
(
α
4π
)2
.
The residues of logZ3 =
∑
∞
n=1 fn/(D − 4)n satisfy the RG equation
α
∂fn+1
∂α
+ αt
∂fn+1
∂αt
+ β¯b
∂fn+1
∂b
+ β¯α
∂fn
∂α
+ β¯tαt
∂fn
∂αt
= 0.
From the direct loop calculations, the simple and double poles are given by
[13]
f1 =
8nF
3
α
4π
+
(
4nF − 16n
2
F
27b
)(
α
4π
)2
,
f2 = −32n
2
F
9
(
α
4π
)2
−
(
128n2F
9
− 160n
3
F
81b
)(
α
4π
)3
.
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Here, the corrections including 1/b come from the diagrams with an internal
line of φ. It has been shown that the o(αt) correction to f1 vanishes. Noting
that β¯b = −b+ o(α2), we find that f1,2 are consistent with the RG equation.
The beta function is now expressed as β¯ = α∂f1/∂α+αt∂f1/∂αt+ β¯b∂f1/∂b,
and thus
β¯ =
8nF
3
α
4π
+
(
8nF − 16n
2
F
9
1
b
)(
α
4π
)2
.
Replacing b with bc, we obtain the final expression of the beta function. The
gravitational correction with 1/bc gives a negative contribution.
In the same way, expanding as logZ−2t =
∑
∞
n=1 gn/(D − 4)n, we obtain
the similar RG equations for gn. The beta function has been calculated as
[21, 6, 8, 13]
β¯t = −
(
nF
20
+
20
3
)
αt
4π
− 7nF
36
ααt
(4π)2
.
Thus, the coupling constant αt indicates the asymptotic freedom, which jus-
tifies the perturbation theory about conformally flat spacetime.
3 Background-Metric Independence
The background-free nature of spacetime will be realized owing to the
nonperturbative treatment of the conformal factor characterized by (3). In-
deed, the conformal change of the background metric gˆµν → e2σ gˆµν is equiv-
alent to the shift of the field φ→ φ + σ, which is nothing but the rewriting
of the integration variable φ. Therefore, the background-metric indepen-
dence can be expressed as the shift invariance of the path integral measure.
Thus, the background-metric independence is a purely quantum mechanical
symmetry with respect to diffeomorphism realized when the metric field is
quantized.
Reflecting the shift invariance, the background-metric independence is
expressed as
∫
Dφδ(Oe−S)/δφ = 0. Taking
√
gθ = δS/δφ as an operator O,
8
we obtain
〈√gθ(x)√gθ(y)〉 −
〈
δ
√
gθ(x)
δφ(y)
〉
= 0. (5)
Here, θ = θA + θψ + θg is merely the trace of the energy-momentum tensor.
Each part is given by θA = (D − 4)F0µνF µν0 /4, θψ = (D − 1)
∑nF
j=1 iψ¯0j
↔
D/ ψ0j ,
and θg = (D − 4)(C2µνλσ/t20 + b0ED), where ED is the expression of the
conformal anomaly mentioned before. The vanishing of the rhs is significant
here, unlike the case in curved space discussed in [12].
Let us directly see that Eq.(5) indeed holds focusing the role of the φ field
in the case of the flat background. To begin with, we expand
√
gθ in a series
of D − 4. The photon part is then expressed as
√
gθA = (D − 4)Z31
4
e(D−4)φFµνFµν
=
D − 4
4
[
1 +
f1
D − 4 + (D − 4 + f1)φ+ · · ·
]
FµνFµν . (6)
The gravity part is expanded as
√
gθg =
µD−4
(4π)D/2
{
4b∂4φ+ (D − 4)b
[
2φ∂4φ+ ∂4(φ2)
]
+(D − 4)2b
[
φ2∂4φ+
1
3
∂4(φ3)− 2 (8χ3 − 1) ∂λ (∂λφ∂σφ∂σφ)
]
+ · · ·
}
,(7)
where we write down the b-dependent leading terms only. The traceless tensor
part in
√
gθg is expanded as (D − 4)e(D−4)φC¯2µνλσ/t20, where the Weyl tensor
with the bar on it is defined in terms of the metric field g¯µν in (3). Since the
traceless tensor part can be expanded as similar to (6), it is expected that
this part can be explained as in the gauge field part shown below, although
it is hard to handle self-interactions of the traceless tensor field directly.
The two-point function of
√
gθ at o(b) can be easily calculated as 4bµD−4p4/(4π)D/2
in momentum space from the first term of (7) using the propagator 〈φ(p)φ(−p)〉 =
µ4−D(4π)D/2/4bp4. It cancels out the second term of Eq.(5).
Using (7) and the vertices (4), we can show that Eq.(5) is satisfied at o(1)
and o(α) as in Fig.1, where the wavy, dashed-arrow, and solid lines denote
9
Figure 1: Diagrams representing the background-metric independence
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the propagators of photon, fermions, and φ, respectively, and the double
line denotes
√
gθ. The last three tadpole-type diagrams of o(1) cannot be
neglected in fourth-order theories unlike massless second-order theories (see
Sect.4, for instance). The last one of these comes from the second term of
Eq.(5). At o(α), there is no contribution from the second term of Eq.(5),
which is consistent with the RG analysis deducing that there is no o(α)-term
in the residue b1 [16]. The result holds regardless of the value of χ3.
Finally, we see more explicitly that Eq.(5) represents the background-
metric independence. We here consider the energy-momentum tensor defined
by the variation of the action with respect to the background metric as√
gˆθˆ = δS/δσ, where δ/δσ = 2gˆµνδ/δgˆµν . Since the change of φ can be
replaced with the change of σ as far as the quantity is written in terms of the
full metric (3), the relationship
√
gˆθˆ =
√
gθ is satisfied, up to the gauge-fixing
origin term that vanishes in physical correlation functions. Therefore, Eq.(5)
can be expressed as δ2〈1〉/δσ(x)δσ(y) = 0, because the variation with respect
to the background field σ can be placed outside the correlation function.
Thus, the model becomes independent of how to choose the background. It
ensures that the calculation performed in the flat background is right.
4 Cosmological Constant Operator
As a nontrivial test of the method proposed here, we calculate the anoma-
lous dimension of the cosmological constant operator at α = αt = 0, for
which the exact solution derived using the BRST conformal invariance has
been known.
Since φ is not renormalized, the cosmological constant term Λ0
∫
dDx
√
g
can be simply renormalized by Λ0 = µ
D−4ZΛΛ, where
√
g = eDφ =
∑
∞
n=0D
nφn/n!
in flat background. The anomalous dimension is defined by γΛ = −(µ/Λ)dΛ/dµ.
Expanding the renormalization factor as logZΛ =
∑
∞
n=1 un/(D − 4)n, the
anomalous dimension is given by γΛ = D−4+ γ¯Λ and γ¯Λ = µd(logZΛ)/dµ =
−b∂u1/∂b.
11
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Figure 2: Loop corrections to cosmological constant operator
The o(1/b) and o(1/b2) corrections to u1 are calculated from one- and
two-loop diagrams in Fig.2, respectively. In order to handle IR divergences,
we introduce an infinitesimal fictitious mass in the fourth-order propagator
as 1/p4 → 1/p4z ≡ 1/(p2 + z2)2.5 Extracting UV divergences, we obtain
u1 = 4/b+ 4/b
2 [13].
The o(1/b3) correction is obtained from two three-loop diagrams in Fig.2
as (
−J + K
8
)
(4π)
3D
2 µ3(4−D)
(
D
4
)4 (D − 4)2
b3
µD−4Λ
Dn
n!
∫
dDxφn, (8)
where J and K, defined below, are the momentum integrals from the dia-
grams including a four-point vertex and two three-point vertices, respectively.
The factor (D − 4)2 comes from these vertices in (4).
First, we calculate J , which is divided into two parts as J = (1/3)JA +
(4χ3 − 1/2)JB according to the two types of four-point vertex in (4). The
integrals are then defined by
JA =
1
4
∫
dV4
p4 + q4 + r4 + s4
p4zq
4
zr
4
zs
4
z
,
5Since this mass is not gauge invariant, the z dependences will be canceled out after
summing up all contributions [14]. Incidentally, the lower-derivative action such as the
Einstein action cannot be regarded as a usual mass term because there is an exponential
conformal factor in this case.
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JB =
1
3
∫
dV4
(p · q)(r · s) + (p · r)(q · s) + (p · s)(q · r)
p4zq
4
zr
4
zs
4
z
,
where dV4 = [dpdqdrds]δ¯(p + q + r + s), [dp] = d
Dp/(2π)D and δ¯(p) =
(2π)DδD(p). The most singular term of JA is simply given by the cube of
the tadpole integral I =
∫
[dp]/p4z = Γ(2 − D/2)zD−4/(4π)D/2,6 and thus
JA = I
3 = 1/(4π)6ǫ3, where D = 4− 2ǫ. The less singular terms and the IR
divergence arising through z3(D−4) = 1 − 6ǫ log z are neglected. Taking into
account the overall factor (D − 4)2 in (8), the contribution from JA gives a
simple pole, which can be renormalized by taking u1 = −8/3b3. On the other
hand, the integral JB is given by
JB =
∫
[dk]
∫
[dp]
p · (p− k)
p4z(p− k)4z
∫
[dq]
q · (q + k)
q4z(q + k)
4
z
=
z3(D−4)
(4π)
3D
2
1
4
Γ
(
6− 3D
2
) ∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt[x(1− x)y(1− y)]4−DY 3D2 −6
×[t(1 − t)]2−D2
{
D2 − 2D2(1− t) +D(D + 2)t(1− t)
}
,
where Y = ty(1 − y) + (1 − t)x(1 − x). This integral becomes finite apart
from the factor Γ(6− 3D/2), and so, multiplying JB by (D− 4)2, the simple
pole vanishes. Thus, there is no contribution to u1 from JB, namely χ3.
The momentum integral K is defined by
K =
∫
dV4
(p4 + r4 + (p+ r)4)(q4 + s4 + (p+ r)4)
p4zq
4
zr
4
zs
4
z(p+ r)
4
z
.
As before, the integral is evaluated as K = 8I3 + K˜, where I is the tadpole
integral and
K˜ =
∫
[dk]k4
∫ [dp]
p4z(p− k)4z
∫ [dq]
q4z(q + k)
4
z
=
z3(D−4)
(4π)
3D
2
D(D + 2)
4
Γ
(
6− 3D
2
)∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
×[x(1 − x)y(1− y)]3−D[t(1− t)]3−D2 Y 3D2 −6.
6Since we focus on UV divergences, we can expand p4/p4z = 1 − 2z2/p2 + · · · and
disregard the z-dependent terms here.
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Here, the multiple parameter integrals are numerically evaluated using the
Monte Carlo method by Maple software and we find that K˜ has the triple-
pole term as (4π)6ǫ3K˜ = 1.33 at the ǫ→ 0 limit.7 The numerical number is
consistent with 4/3. Therefore, substituting this value, we obtain (4π)6ǫ3K =
8 + 4/3 = 28/3. Thus, the last diagram in Fig.2 yields the simple pole
u1 = 28/3b
3.
Combining the results of J and K, we obtain u1 = 20/3b
3 as the three-
loop correction. Thus, the anomalous dimension is given by
γ¯Λ =
4
b
+
8
b2
+
20
b3
with taking b = bc at last. This result agrees with the first three terms in
the large-bc expansion of the exact expression γ¯Λ = γ − 4 = γ2/4bc, where
γ = 2bc(1 −
√
1− 4/bc) is the charge for the cosmological constant operator
defined by
∫
d4x :eγφ : [5, 9, 10, 11].
In this way, we have seen that the renormalization manner proposed here
can reproduce the exact anomalous dimension. Consequently, the result is
independent of the value of χ3, while the values of χ1 and χ2 in (2) are crucial
here. It suggests that vertices of the type b(D − 4)nφn+1∂4φ only contribute
to u1. We expect that χns are independent of the theory as mentioned before,
but those of n ≥ 3 may depend on it.
5 Conclusion and Cosmological Implications
The goal of quantum gravity is to break the wall of Planck scale and
to reveal the laws of physics there. We imagine that once we go beyond the
Planck scale, there spreads a harmonious space without scale and singularity.
7Since the integrals of x and y are numerically dangerous, we change these variables
as dx/x(1 − x) = dX such that x(1 − x) = 1/4 cosh2(X/2) and evaluate it within a finite
range (|X | ≤ 8/ǫ here), and similarly for y. Since the precision is not so good when ǫ
is small, we evaluate (4π)3D/2ǫ3K˜ (apart from overall z dependence) at many values of ǫ
more than 100 between 0.02 and 0.1 and read off it as a polynomial function of ǫ using
the least squares method. In this manner, we extract the value at ǫ→ 0.
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The quantum gravity model with a single dimensionless gravitational cou-
pling has a lot of desirable properties to describe such a spacetime. In this
paper, we have studied the model by developing how to treat the conformal
factor on the basis of the RG method using dimensional regularization, and
then have seen that it passes several theoretical tests of renormalization.
The asymptotically free behavior of traceless tensor fields indicates that
quantum fluctuations of the conformal factor become more significant than
tensor fluctuations in the early epoch of the Universe. There, a novel space-
time phase with background-free nature called the BRST conformal symme-
try will emerge. Such a phase can be imaged by a four-dimensional simplicial
manifold with varying connectivity of simplices, called dynamical triangula-
tion [22]. It provides a scale-invariant scalar spectrum primordially.
There are three gravitational mass scales in the model, namely the Planck
mass mpl, the dynamical IR scale ΛQG indicated from the asymptotic free-
dom, and the cosmological constant. We set the ordering of the first two as
mpl ≫ ΛQG and the cosmological constant is considered to be negligible. In
this case, the Riegert conformal dynamics is still significant about the Planck
scale. The model then has a stable inflationary solution that can explain the
results of CMB experiments well, whose evolution scenario is given as fol-
lows [23, 24, 25]. When the energy is going down to about mpl, the Einstein
action comes into play and the Universe evolves to the inflationary phase.
The inflation will terminate eventually at the dynamical scale ΛQG because
a conformally flat spacetime is no longer significant there, and the Universe
turns to the classical Einstein phase.8 The number of e-foldings is then given
by the ratio of two mass scales as Ne ≃ mpl/ΛQG and the amplitude of scalar
fluctuation is roughly estimated to be δR/R ≃ (ΛQG/mpl)2. Thus, ΛQG is
predicted to be the order of 1017GeV [23]. This scale can also explain the
sharp falloff of CMB angular power spectra at very large angles [23, 25].
8The low energy effective theory of gravity valid below the energy scale ΛQG will be
given by an expansion in derivatives of the metric field, in which the Einstein action is
dominated [24].
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In order to achieve the overall fit to the CMB data, more detailed con-
sideration on the evolution process may be necessary. For a substance to
make up the Universe, if there is a stable gravitational soliton, it will be a
candidate for dark matter. They are left for future study.
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